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ON KAZHDAN’S PROPERTY (T) FOR THE SPECIAL LINEAR GROUP OF
HOLOMORPHIC FUNCTIONS
BJO¨RN IVARSSON AND FRANK KUTZSCHEBAUCH
Abstract. We investigate when the group SLn(O(X)) of holomorphic maps from a Stein
space X to SLn(C) has Kazhdan’s property (T) for n ≥ 3. This provides a new class of
examples of non-locally compact groups having Kazhdan’s property (T). In particular we
prove that the holomorphic loop group of SLn(C) has Kazhdan’s property (T) for n ≥ 3. Our
result relies on the method of Shalom to prove Kazhdan’s property (T) and the solution to
Gromov’s Vaserstein problem by the authors.
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1. Introduction
Kazhdan’s property (T) expresses a certain rigidity for unitary Hilbert space representations
of a topological group G. Even though it was invented by Kazhdan for discrete or more generally
locally compact groups Kazhdan’s property (T) has turned up in so many different aspects of
mathematics that its study in any context seems of interest. The first examples of non-locally
compact groups with this property were construced by Shalom in [Sha99]. We find it interesting
that also holomorphic objects can have it. Our main result, in particular showing that the
holomorphic loop group of SLn(C) has Kazhdan’s property (T) for n ≥ 3, is the following
Theorem. (see Theorem 2.6) Let n ≥ 3 and X be a Stein manifold having finitely many
connected components and with the property that all holomorphic maps from X to SLn(C) are
null-homotopic. Then SLn(O(X)) has Kazhdan’s property (T).
Some generalization to the case when not all holomorphic maps from X to SLn(C) are null-
homotopic is contained in the last section.
Let’s recall the definitions: By O(X) we denote the algebra of holomorphic functions on X
endowed with compact-open topology. By Stein’s original definition, simplified by later devel-
opments, a complex manifold X is Stein (or, as Karl Stein put it, holomorphically complete) if
it satisfies the following two conditions.
(1) Holomorphic functions on X separate points, that is, if x, y ∈ X, x 6= y, then there is
f ∈ O(X) such that f(x) 6= f(y).
(2) X is holomorphically convex, that is, if K ⊂ X is compact, then its O(X))-hull Kˆ, consisting
of all x ∈ X with |f(x)| ≤ maxK |f | for all f ∈ O(X), is also compact. Equivalently, if E ⊂ X
is not relatively compact, then there is ∈ O(X) such that f |E is unbounded.
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A domain in Cn is Stein if and only if it is a domain of holomorphy. Every noncompact
Riemann surface is Stein. By the Remmert embedding theorem (see also Remark 2.7) a connected
complex manifold is Stein if and only if it is biholomorphic to a closed complex submanifold of
CN for some N . If X is not smooth, i.e., a complex space, the notion of Stein space is defined by
the same two conditions (1) and (2). A connected Stein space is biholomorphic to some analytic
subspace of Cn if and only if it has an upper bound on the dimension of its tangent spaces. We
refer to [Fo11] for more information on Stein manifolds.
Here comes the definition of property (T), for a comprehensive introduction to Kazhdan’s
property (T) we refer to [BdlHV08].
Definition 1.1. Let G be a topological group, K ⊂ G a subset, ε > 0, H a Hilbert space,
and (pi,H) a continuous unitary G-representation. A vector v ∈ H is called (K, ε)-invariant if
‖pi(g)v − v‖ < ε‖v‖ for all g ∈ K.
Definition 1.2. A topological group G has Kazhdan’s property (T) (or is a Kazhdan group) if
there is a compact K ⊂ G and ε > 0 such that every continuous unitary G-representation with
a (K, ε)-invariant vector contains a non-zero G-invariant vector. We call (K, ε) a Kazhdan pair
for G and ε is called a Kazhdan constant for K and G.
We like to thank Pierre de la Harpe for inspiring discussions on the subject and for bringing
the paper of Cornulier [dC06] to our attention.
2. Kazhdan’s property (T) and the special linear group of holomorphic
functions
The present investigations rely on results by Shalom [Sha99] and the authors [IK12a], see also
[IK08].
Definition 2.1. Let R be a commutative ring with unit. The group SLn(R) is said to be
boundedly elementary generated if there is a ν < ∞ such that every matrix in SLn(R) can be
written as a product of at most ν = νn(R) elementary matrices.
Recall that an elementary matrix in SLn(R) is a matrix of the form I + rEi,j i 6= j, i.e, with
ones on the diagonal and all entries outside the diagonal zero except for one entry.
The following is a result of Shalom from [Sha99], see also [BdlHV08, Theorem 4.3.5],
Theorem 2.2. Let n ≥ 3 and R be a topological commutative ring with unit. Assume that
SLn(R) is boundedly elementary generated and that there is a finite set {α1, . . . , αm} ⊂ R gen-
erating a dense subring of R. Then SLn(R) has Kazhdan’s property (T).
Remark 2.3. More precisely if there are m elements in R generating a dense subring then there
is a compact K in SLn(R) such that ε = 1/(22
m+1νn(R)) is a Kazhdan constant for K and
SLn(R), see [BdlHV08, Remark 4.3.6].
In this paper we consider the ring R = SLn(O(X)) of holomorphic maps from a Stein space
X to SLn(C) endowed with compact-open topology, the natural topology for holomorphic map-
pings. Using the above terminology the authors show in [IK12a] that SLn(O(X)) is boundedly
elementary generated when X is a finite dimensional reduced Stein space with the property that
all holomorphic mappings from X to SLn(C) are null-homotopic, that is homotopic (through a
family of continuous maps) to a constant map. This result is an application of the Oka-Grauert-
Gromov-h-principle in Complex Analysis. For more information on that important principle
in Complex Analytic Geometry we refer the interested reader to the monograph of Forstnericˇ
[Fo11]. The precise statement of the theorem proved in [IK12a] is the following:
Theorem 2.4. Let X be a finite dimensional reduced Stein space and f : X → SLn(C) be a
holomorphic mapping that is null-homotopic. Then there exist a natural number K, depending
only on the dimension of X and n, and holomorphic mappings G1, . . . , GK : X → Cm(m−1)/2
such that f can be written as a product of upper and lower diagonal unipotent matrices
f(x) =
(
1 0
G1(x) 1
)(
1 G2(x)
0 1
)
. . .
(
1 GK(x)
0 1
)
.
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Remark 2.5. It is a consequence of the classical Oka-Grauert principle that the homotopy to the
constant map can be chosen through a family of holomorphic maps. Therefore null-homotopic
in the topological sense and holomorphic sense is equivalent in this setting.
Combining Shalom’s and the authors’ result we get the following new examples of non-locally
compact Kazhdan groups. For similar results for the ring of continuous functions on a finite
dimensional topological space see [dC06].
Theorem 2.6. Let n ≥ 3 and X be a Stein manifold with finitely many connected components
and with the property that all holomorphic maps from X to SLn(C) are null-homotopic. Then
SLn(O(X)) has Kazhdan’s property (T).
Proof. A finite set of functions that generate a dense subring of O(X) can constructed as fol-
lows. Embed X into CN using Remmert’s embedding theorem. By the Oka-Weil theorem
C[z1, . . . , zN ]|X is dense in O(X). Finally we see that the set of functions S = {z1, . . . , zN ,
√
2, i}
generates a dense subring of C[z1, . . . , zN ]. Therefore S also generates a dense subring of O(X).
Every unipotent matrix can be written as a product of n(n − 1)/2 elementary matrices so
SLn(O(X)) is boundedly elementary generated by Theorem 2.4 and by Theorem 2.2 the group
SLn(O(X)) is a Kazhdan group. 
Remark 2.7. Let N be the smallest dimension such that X embeds into CN . By work of Gromov,
Eliashberg and Schu¨rmann N for a connected X is bounded by ⌊3(dimX)/2⌋+ 1 if dimX ≥ 2,
see [EG92] and [Sch97]. We have that ε = 1/(22N+3νn(O(X))) is a Kazhdan constant by Remark
2.3. Therefore both the minimal embedding dimension and the number of elementary matrices
needed to factorize a null-homotopic holomorphic map f : X → SLn(C) is of great interest.
The study of minimal embedding dimension is a classical difficult subject in complex analysis.
The numbers νn(O(X)) as well as the corresponding numbers νn(C(T )) (existing by work of
Vaserstein [Vas88]) for the ring of continuous functions on a finite dimensional topological space
T are mostly unknown. A first study of these numbers in the holomorphic case can be found in
[IK12b].
Remark 2.8. Theorem 2.6 also holds for reduced Stein spaces that can be embedded in some
CN . The proof is exactly the same once we have the embedding. For more on the embedding
dimension for Stein spaces see [Sch97].
Remark 2.9. By [BdlHV08, Example 1.7.4 (iv)] SL2(C) is not a Kazhdan group. Since the
closure of the image of a Kazhdan group under a continuous homomorphism is again a Kazhdan
group, see [BdlHV08, Theorem 1.3.4], it follows that SL2(O(X)) never has Kazhdan’s property
(T).
Corollary 2.10. Let n ≥ 3 and X be a contractible Stein manifold. Then SLn(O(X)) has
Kazhdan’s property (T).
Since SLn(C) is simply connected we get the following.
Corollary 2.11. For n ≥ 3 the group SLn(O(C∗)), i.e. the holomorphic loop group of SLn(C),
is a Kazhdan group.
3. A generalization
It is natural to ask what can be said when X is a Stein manifold having holomorphic maps
into SLn(C) that are not null-homotopic. In this case Theorem 2.4 still can be applied to get
some information. Let En(O(X)) denote the group generated by the elementary matrices in
SLn(O(X)). In general we get the following result as consequence of Theorem 2.4.
Theorem 3.1. Let n ≥ 3 and X be a finite dimensional Stein space. Then En(O(X)) has
Kazhdan’s property (T).
First note that all matrices in En(O(X)) are null-homotopic. Now the proof is exactly the
same as the proof of Theorem 2.6. The point where we use Theorem 2.4 is to conclude that
En(O(X)) is boundedly elementary generated.
We now have the following.
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Theorem 3.2. Let n ≥ 3 and X be a finite dimensional Stein space with finite embedding
dimension. Then SLn(O(X)) has Kazhdan’s property (T) if and only if
SLn(O(X))/En(O(X))
has Kazhdan’s property (T).
Proof. Let H be a subgroup of a topological group G. It is easy to check from the definition
that H is a Kazhdan group when H is. The result now follows from [BdlHV08, Proposition
1.7.6 and Remark 1.7.9] which says that a Frechet group G has Kazhdan’s property (T) if, for a
normal closed subgroup N , both G/N and N has. The other implication follows from [BdlHV08,
Theorem 1.3.4] which says that Kazhdan’s property (T) is inherited by quotients. 
Remark 3.3. We don’t know if it always holds that En(O(X)) = En(O(X)) when we equip
SLn(O(X)) with the compact-open topology. A Stein manifold is homotopy equivalent to a finite
dimensional CW-complex and when this complex is finite then En(O(X)) = En(O(X)). However
the complex can be infinite and we believe that there are examples where En(O(X)) 6= En(O(X)).
Example 3.4. As an application of Theorem 3.2 we study the quadrics Qk = {z ∈ Ck+1; z21 +
· · · + z2k+1 = 1}, k ≥ 1. We claim that Qk is homotopy equivalent to the k-dimensional sphere
Sk. Indeed Qk is isomorphic to the homogeneous space SOk+1(C)/SOk(C), that is the quotient
of the two reductive groups SOk+1(C) and SOk(C). By the Mostow decomposition theorem, see
[Mos55a, Mos55b] or [Hei91, Section 3.1], a homogeneous space of complex reductive Lie groups
KC/LC admits a strong deformation retraction onto the quotient of their maximal compact
subgroups K/L. In our case this quotient is SOk+1(R)/SOk(R) which is isomorphic to S
k.
We have
SLn(O(Qk))/En(O(Qk)) = pik(SLn(C)).
Let n ≥ 3. The homotopy groups pik(SLn(C)) are abelian. Discrete groups that are Kazh-
dan groups have finite abelianization [BdlHV08, Corollary 1.3.6] and finite groups are Kazhdan
groups. Therefore SLn(O(Qk)) is a Kazhdan group precisely when pik(SLn(C)) is finite. The
homotopy groups of SLn(C) are known to be infinite precisely when k is odd and 3 ≤ k ≤ 2n−1,
see for example [MT91]. Therefore SLn(O(Qk)) is a Kazhdan group if and only if k = 1, k even,
or k ≥ 2n.
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